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$E_{7}$ [5] 8 $\{e_{j;}1\leq$
$j\leq 8\}$ $\tilde{E}$ $\langle\cdot, \cdot\rangle$
$\langle e_{j}, e_{k}\rangle=\delta_{jk}$
$e_{7}+e_{8}$ $E$ $E$ 63
:
$r_{1}$ $=$ $e_{7}-e_{8}$
$r_{j}$ $=$ $e_{j-1}-r0+r_{1}$ $(1 <j\leq 7)$
.
$r_{1j}$ $=$ $-e_{j-1}+r_{0}$ $(1 <j\leq 7)$
$r_{ij}$ $=$ $e_{i-1}-e_{j-1}$ $(1 <i<j\leq 7)$
$r_{1jk}$ $=$ $-e_{j-1}-e_{k-}1$ $(1 <j<k\leq 7)$
$r_{ijk}$ $=$ $-e_{i-1}-e_{j-1}-e_{k-}1+r_{0}$ $(1 <i<j<k\leq 7)$
$r_{0}= \frac{1}{2}\sum_{1j=}^{8}ej-e_{8\circ}$
$\pm r_{i},$ $\pm r_{ij},$ $\pm r_{ijk}$
$\triangle$ $E_{7}$ ]–
















$E$ $r_{i}$ , $r_{ij},$ $r_{ijk}$ $S_{i},$ $S_{ij},$ $S_{ij}k$ $\triangle$ $S_{i},$ $S_{ij},$ $S_{ij}k$
$r_{i}\perp r_{jk}$ , $r_{i}\perp r_{ijk}$ , $r_{ij}\perp r_{kl}$ , $r_{ij}\perp r_{ijk}$ , $r_{ij}\perp r_{klm}$ , $r_{ijk}\perp r_{ilm}$
$\triangle$
$s_{i}$ : $r_{j}rightarrow r_{ij}$ , $r_{jk}rightarrow r_{jk}$ , $r_{jkl}rightarrow r_{mnp}(\{i,j, k, \iota, m, n,p\}=\{1,2, \ldots, 7\})$ ,
$s_{ij}$ : permutation of the indices $i$ and $j$ ,
$s_{123}$ : $r_{1}rightarrow r_{1}$ , $r_{4}rightarrow r_{567}$ , $r_{12}rightarrow r_{12}$ , $r_{14}rightarrow r_{234}$ , $r_{45}rightarrow r_{45}$ , $r_{145}rightarrow r_{145}$ .
$S_{i},$ $S_{ij},$ $S_{ij}k$
$E_{7}$ Weyl $W(E_{7})$
$S_{7}$ $(i, j=1,2, \cdots, 7)$ $W(E_{7})$ –
Definition 1 $a_{i}(i=1,2,3,4),$ $bij(1\leq i<j\leq 4)$ $\triangle$ ( $i,$ $j$
$=$ )
$A=\{a_{i}; i=1,2,3,4\}\cup\{b_{ij;}1\leq i<j\leq 4\}$
tetrahedral set $\circ$
(i) $\langle a_{i}, a_{j}\rangle$ $=$ $0$ $(i\neq j)$ ,
(ii) $\langle b_{ij}, b_{k}\iota\rangle$ $=$ $0$ $(\{ij\}\neq\{kl\})$ ,
(iii) $|\langle a_{i}, b_{jk}\rangle|$ $=$ $0$ if and only if $i\not\in\{j, k\}$ .
tetrahedral set
Proposition 1 $A$ $A’$ tetrahedral set $\omega\cdot\tilde{A}=\tilde{A}’$
$\omega\in W(E_{7})$ $A=\{a_{i}\}\cup\{b_{ij}\}$ \iota $\tilde{A}=\{\pm a_{i}\}\cup\{\pm b_{ij}\}$
tetrahedral set 0
$S_{7^{-}}\mathrm{o}\mathrm{r}\mathrm{b}\mathrm{i}\mathrm{t}$ Tabel 1 14 tetrahedral set
Tabel 1 Type A tetrahedral set
$\tilde{A}=\pm\{r_{345}, r_{1}23, r_{1}46, r_{2}56, r_{1}35, r167, r347, r124, r236, r257\}$ (3)
( $\pm\{r345, r123, \cdots\}$ $\{\pm r_{345}, \pm r_{123}, \cdots\}$
)
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Table 1 tetrahedral set $S_{7^{-}}\mathrm{o}\mathrm{r}\mathrm{b}\mathrm{i}\mathrm{t}$ 14
Proposition 2 $W(E_{7})$ $\tilde{A}$ $S_{4}\cross Z_{2}$
Table 1 TyPe $X$ tetrahedral set $A$ $\tilde{A}$ $S_{7}$-orbit $\mathit{0}_{x}$
Propositionl,2 tetrahedral set $S_{7}$-orbit
Theorem 1 tetrahedral set $T$ 14 $S_{7^{-}}orbit$
$O_{X}$ ( $X\in L=\{\mathrm{A}$ , Bl, . . . , B5, Cl, . . . , C4, Dl, . . .D4}) (4)
22. 7
$\mathrm{P}^{2}(\mathrm{R})$ $n$ $(l_{1}, l_{2}, \cdots, l_{n})$
:





3 1 5 5
– $n=6$ 6




$l_{5}$ $C$ 3 :
(1) $l_{6}$ $C$ (2) $l_{6}$ $C$ (3) $l_{6}$ $C$ (2)
6 6 2
:
3 6 $\iota_{1},$ $\iota_{2,\ldots,6}\iota$ $-$
1,2 $\mathrm{P}^{2}(\mathrm{R})$ 7 $P(3,7)$
$P(3,7)$
$P(3,7)=GL(3, \mathrm{R})\backslash M’(3,7)/(\mathrm{R}^{\cross})^{\mathit{7}}$
$M’(3,7)$ 3 3 $\mathrm{x}7$ - 1,2
3 $\mathrm{P}^{2}(\mathrm{R})$ 7 $P(3,7)$
$P_{0}(3,7)$ $P(3,7)$ $P_{0}(3,7)$ $\mathrm{R}^{6}$
7 $(l_{j})_{1\leq j}\leq 7$ $l_{j}$ :
$l_{j}$ : $a_{1j}\xi+a2j\eta+a_{3}j\zeta=0_{\circ}$
$(\xi : \eta : \zeta)$ $\mathrm{P}^{2}(\mathrm{R})$ $(l_{j})$ $3\cross 7$ :
$X=$.




7 $\iota_{1},$ $\iota_{2,7}\ldots,$$\iota$ $P(3,7)$ ( $P_{0}(3,7)$ ) S7-
$P_{7}$ $P_{0}(3,7)$ $P(3,7)$ S7-
$W(E_{\mathit{7}})$ - (cf. [8], [9]) $P_{0}(3,7)$ W(E7)-
$P_{7}$ $P_{\mathit{7}}$ $W(E_{\mathit{7}})$ -orbital . Theoreml
14 14 7 $-$
3 $\mathrm{x}7$ $X_{A}(\in P(3,7))$
$X_{A}=$ (5)
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Fig. 1. Type A
Fig.1
3 10 4 6 5 6
6 7 6 6
Fig.1( ) 10 3




$X_{B2}$ $=$ $(- \frac{\frac{21}{13310}}{\frac{307}{5}}--$ $- \frac{}{370}--\frac{7}{\frac{1014}{18915}}$ $111$ $001$ $001$ $\frac{}{\frac{4017}{90}}\frac{3}{10,17}$ $\frac{}{568}\frac{\mathit{7}0\mathit{7}}{648,217}\frac{\mathit{7}}{8})$
$X_{B3}$ $=$ ( $111$ $- \frac{1}{90}\frac{1}{\frac{102}{5}}$ $001$ $- \frac-\frac{\mathit{7}0\frac{3}{937}9}{70}-$ $001$ $- \frac{7}{\frac{-}{29}14009,68}\frac{3}{3256}$ $- \frac{\frac{\frac{5}{5437}}{10865}}{3618}--.$ ) (6)
$X_{B4}$ $=$
$X_{B5}$ $=$ $(111$ $- \frac{\frac{17}{935126}}{\frac{-\mathit{7}}{25}163831,20}$ $- \frac{1\mathit{7}}{\frac{-\frac{17}{854267}2}{1},415153667125}$ $- \frac{\frac{1\mathit{7}}{74837}}{2\frac{59544}{185}}$ $\frac{-\frac{}{997}-\frac{17}{11966}69}{1650}$ $001$ $001)$
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$X_{C1}$ $=$ $(_{-}^{-}- \frac{\frac{182\mathit{7}\mathit{7}}{23\mathit{7}609990_{1}}}{\frac{1248\mathit{7}574227}{39960}}$ $\frac{\frac{\mathit{7}099\frac{18277}{1300\mathit{7}31}}{2936509860629}}{2106\mathrm{o}\mathrm{o}}$ $- \frac{\frac{1827\mathit{7}}{201012\mathrm{o}\mathrm{o}_{4}\mathrm{o}_{7}}}{\frac{1332201\mathit{7}\mathrm{o}\mathrm{o}_{3}09}{1080\mathrm{o}\mathrm{o}}}--.$
.
$001$ $111$ $001$ $\frac{\frac{26074\frac{1430082}{2714\mathit{7}5613376}}{217408455427\mathit{7}10_{2}301935}}{404522182\mathit{7}5})$
$X_{C2}$ $=$ $(- \frac{-\frac{37821817}{2215235598412}1549249}{\frac{15662014581941236244197}{81963554400}}-$ $\frac{478543\frac{340396353}{30\mathit{7}15310704\mathit{7}41}}{\frac{20804231557\mathrm{o}_{81}\mathrm{o}14565317}{195\mathit{7}876830}}$ $\frac{407443-\frac{3403963.53}{74915\mathit{7}08799550}9}{-\frac{5313208594722\mathit{7}815052160}{92858072125}41}$ $001$ $001^{\cdot} \frac{218153\frac{11252772}{72590^{183}69178600}}{12,\frac{6948398538614516413247\mathit{7}846}{3891503398055}}$ $111)$
$(7)$






$X_{D3}$ $=$ $(– \frac{}{\frac{111065}{1998}}-\frac{91}{4440,143}$ $- \frac{\frac{91}{\frac 499166524\mathit{7}5595}}{19980}--$ $001$ $\frac{3002}{\frac{35843338531197}{15566418}}\frac{26}{1961,245}$ $\frac{953211}{275,\frac{190267731333979578}{\mathit{7}422422000}}\frac{24921}{411625,50928}$ $001$ $111)$










$n$ $\{l_{1}, l_{2}, \ldots, \iota_{n}\}$
$n$ $X_{0}\in P_{\mathrm{o}}(3, n)$
$\mathrm{P}$- $\{N_{3}, N_{4}, \cdot\cdot N_{p}\cdot\cdot, N_{n}\}$
Stepl [ ]
$(i=1 \cdots\frac{n(n-1)}{2})$
$(b_{j}, I_{j})$ $(j=1\cdots n(n-1),$ $I_{j}=$
$BtoPjk$ $(k=1,2)$
4 ( ) $PtoB_{id}(d=1,2,3,4)$
Step2 $N_{3}=N_{4}=\cdot\cdot=N_{n}=0$ ,
$T_{j}=0$ $(j=1\cdots n(n-1))$
Step3 $p_{i}$ $(i=1\cdots n(n-1)/2)$ $\mathrm{s}\mathrm{t}\mathrm{e}_{\mathrm{P}\mathrm{p}6}4-\mathrm{s}\mathrm{t}\mathrm{e}$






$BtoPjk(k=1,2)$ $b_{j}$ 2 $PtoBid$
4 (Fig. 2) $p_{2}$
$PtoB_{2d}=\{b_{1,18,2}bb, b_{17}\}$ Step5
4
-1 (Fig. 2 [2])
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Fig. 2.
3 , 4 , 5 , 6 , 7 Type
10 , 6 , 6 $0$ , $0$ )A
7 , 12 , 3 , $0$ , $0$ )Bl,D3
9 , 8 5 , $0$ , $0$ )B2
8 , 10 , 4 , $0$ , $0$ ) $\mathrm{B}3,\mathrm{B}4$
$11$ , 5 , 5 , 1 , $0$ ) B5
7 , 14 , $0$ , $0$ , 1 )Cl
7 , 13 , 1 , 1 , $0$ ) $\mathrm{C}2,\mathrm{D}2$
$9$ , 9 , 3 , 1 , $0$ )C3




(5) $-(8)$ $14\mathrm{T}\mathrm{y}\mathrm{p}\mathrm{e}$ $C_{ount}P_{\mathit{0}}\iota ygon$
Table 2 9 (2)




$\mathrm{P}$ $\mathrm{q}$ ) $\mathrm{P}$ $\mathrm{q}$
$N_{pq}$ $(p, q=3,4,5,6,7)$ $5\cross 5$ $NtoN$ $NtoN_{ij}\equiv N_{i+2,j+2}$










TyPe C2 D2 2 –
Wyle 5
TyPe C2 D2 1 6
6 4,3,3,3,3,4
$l_{1},$ $l_{2},$
$\cdots,$ $l6$ (Fig $.3-(\mathrm{a})$ ) 5
$l_{i},$ $l_{j},$ $lk,$ $ll,$ $\iota_{m}$ $Q(\iota_{i}, \iota_{j}, l_{k}, \mathit{1}, l_{m})$ Type
C2 D2 :




$(\mathrm{F}\mathrm{i}\mathrm{g}.3-(\mathrm{b}))$ Type $\mathrm{C}4,\mathrm{D}1,\mathrm{D}4$ :















1) $B_{L}$ $C=\{c_{1}, c_{2}, \cdots, C_{n}\}$ (ci $(i=1,$ $\cdots,$ $n)$ b )
2) $C$ 2
412. $B_{S}$ 2
. $i,j(1\leq i<j\leq n)$ $c_{i}$ $c_{j}$ $\overline{c_{i}c_{j}}$
4.2.
4.1. $n$ 1 $(n+1)$
$\mathrm{L}\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{s}\mathrm{G}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}_{0}\mathrm{r}$
$n$ $\{l_{1}, l_{2}, \ldots, l_{n}\}$
$n$ $X_{0}\in P_{\mathrm{o}}(3, n)$
$(n+1)$ $\{\iota_{1}, \iota_{2}, \cdots, \iota_{n}, l_{n+}1\}$
Stepl [ ]
$(b_{j}, I_{j})$ $(j=1\cdots n(n-1))$
Step2 $(n-1)^{n}$ $n$
$B_{L}=\{b_{l_{1}}, b_{l\iota_{n}}2’\cdots, b\}$ Step3,4
( $b_{l_{j}}(j=1,2,$ $\cdots,$ $n)$ $l_{j}$ $b_{(}n-1$ ) $(j-1)+1\ldots b(n-1)j$ $-$ )
Step3 $B_{L}$ $l_{n+1}$
Step4 $l_{n+1}$ $n$ $B_{L}$ $l_{n+1}$
Step2
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Table 3. 6 $4\mathrm{T}\mathrm{y}\mathrm{p}\mathrm{e}$ 7
Stepl $\mathrm{c}_{\mathrm{o}\mathrm{u}\mathrm{n}\mathrm{t}}\mathrm{P}\mathrm{o}\mathrm{l}\mathrm{y}\mathrm{g}\mathrm{o}\mathrm{n}$ Step2 $n$
( $(n-1)^{n}$ )
$\mathrm{S}\mathrm{t}\mathrm{e}\mathrm{p}3$ 4.1.1.,4.12.
43. 6 $4\mathrm{T}\mathrm{y}\mathrm{p}\mathrm{e}$ 7
6 $3\cross 6$ 4 Type
[10] :
$X_{II}X_{0}$ $==$ $(0_{1}6/530021/3-3/4-2138/5-7/5-3/1111111111/20-1/2-21101-4/5001\mathrm{I}_{1}-1\mathrm{I}$
$X_{III}X_{I}$ $==$ $\{_{1}^{-1}7-1/511$ $153/2023/40130111$
$-1-14/90^{1}1^{/2}/3$ $-231/521^{/4}11/104/52/331^{/5}1)$
(11)

















$\bullet$ $n$ $(n+1)$ (1) 2 (2)
$\bullet$ $(n+1)$ 6 $4\mathrm{T}\mathrm{y}\mathrm{p}\mathrm{e}$
7 205
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